We consider a disordered two-dimensional electron gas with spin-orbit coupling placed in a perpendicular magnetic field and calculate the magnitude and direction of the electric-field-induced spin polarization. We find that in strong magnetic fields the polarization becomes an oscillatory function of the magnetic field and that the amplitude of these oscillations is parametrically larger than the polarization at zero magnetic field. We show that the enhanced amplitude of the polarization is a consequence of strong electron-hole asymmetry in a quantizing magnetic field.
I. INTRODUCTION
One of the main objectives of spintronics 1,2 is to develop devices, which would control electron spins by electric fields. A potential implementation of these devices is based on the magnetoelectric effect [3] [4] [5] in a two-dimensional electron gas ͑2DEG͒ with spin-orbit ͑SO͒ coupling. The spin polarization of 2DEG by dc electric field, one of the manifestations of the magnetoelectric effect, has recently become a focus of theoretical 4, [6] [7] [8] [9] [10] and experimental 11, 12 investigation. Despite extensive research, [4] [5] [6] [7] [8] [9] [10] [11] [12] the electron-hole asymmetry as the cause of the magnetoelectric effect has not been emphasized.
In this paper, we demonstrate that the magnetoelectric effect in 2DEG is the consequence of electron-hole asymmetry. Following this observation, we explore potential mechanisms for enhancement of the electron-hole asymmetry. We find that the quantization of electron orbital motion in a perpendicular magnetic field is one of these mechanisms. Particularly, in strong magnetic field B the polarization induced by an in-plane electric field oscillates as a function of B with the amplitude of oscillations larger than the smooth component of the polarization by a huge factor = E F / c ӷ 1, where E F = p F 2 /2m * is the Fermi energy, c = eB / m * c is the cyclotron frequency, p F is the Fermi momentum, e and m * are the charge and effective mass of electrons, c is the speed of light, ប =1.
The large parameter E F / c is indeed related to the enhancement of electron-hole asymmetry by magnetic field. At zero magnetic field, electron scattering rate off disordered potential is nearly independent of energy. In this case the polarization is generated by electron-hole asymmetry, which is due to the curvature of the electron spectrum and is characterized by energy E F . The cyclotron motion of electrons in a perpendicular magnetic field B results in quantum interference corrections to the scattering rate off disorder. 13, 14 These corrections, periodic in energy, violate the electron-hole asymmetry on much smaller energy scale c Ӷ E F . We note that some transport coefficients, such as the thermoelectric power 15 and the Coulomb drag transconductance, 16 can be similarly enhanced by magnetic fields.
We derive the quantum kinetic equation for a disordered 2DEG with SO coupling following the formalism developed in Ref. 14 for 2DEG without SO coupling. We solve this equation and calculate the spin polarization for a system brought out of equilibrium by a dc in-plane electric field. The polarization can be represented as a sum of the smooth and oscillating components, as illustrated in Fig. 1 . At weak magnetic fields, the oscillatory component is exponentially small, and only the smooth component remains. However, the amplitude of oscillatory component increases as magnetic field increases and becomes significantly larger than the smooth component.
The observation of the polarization oscillations induced by an electric field seems to be feasible. Indeed, recently, the nonequilibrium spin polarization in zero magnetic field was observed in experimentally, 11, 12 and the possibility of polarization measurements in strong magnetic fields was demonstrated in Ref. 17 .
II. QUALITATIVE DISCUSSION
In this section we present a qualitative picture of generation of spin polarization by in-plane electric field. We show FIG. 1. ͑Color online͒ The magnitude of the polarization vector is shown as a function of the magnetic field B ϰ c at fixed electric field. The thick smooth line represents the result of Eq. ͑16͒ for x = y and g = 0. The thin line describes the oscillatory part of the polarization Eq. ͑19͒ for tr / q = 10, T = 0, and E F tr = 1.25ϫ 10 3 ͑pe-riod of oscillations is not shown to scale͒. that in weak magnetic fields, when the electron DOS is energy independent, the polarization originates due to the dependence of SO coupling strength on the momentum of electron and hole excitations. On the other hand, in strong magnetic fields the DOS oscillates as a function of energy, and therefore the polarization may appear due to the difference in the number of electron and the number of hole excitations. We show that the latter mechanism may result in larger values of the spin polarization.
In equilibrium, electrons occupy all quantum states inside the Fermi surface, which for 2DEG is a circle in momentum space, centered at p = 0 and shown by a solid line in Fig. 2͑a͒ . However, if an electric field is applied and finite current j flows in the system, the electron distribution is shifted in momentum space by vector ⌬p Ӎ p F ͑j / j F ͒, where j F = ev F N e and N e = p F 2 /2 is the sheet density of 2DEG. In this case electrons occupy all states within the dashed circle in Fig.  2͑a͒ , centered at p = ⌬p. The depleted states are called hole excitations ͑holes͒ and the newly occupied states are called electron excitations ͑electrons͒.
The net spin polarization M of 2DEG is determined by the sum of the electron and hole polarizations. Since these two polarizations are directed in opposite directions, they mostly compensate each other. However, for the linear in momentum SO coupling Ĥ = p ϫ / m * so , the strength of the SO coupling is stronger for electron excitations than for hole excitations, as illustrated in Fig. 2͑a͒ . As the result, the magnitude of the spin polarization due to the SO coupling of electrons a little bit exceeds that of holes. The net polarization can be estimated as the difference in the energy ⌬E Ӎ͉⌬p͉ / m * so of spin states of electron and hole excitations, multiplied by the DOS 0 = m * /2. We find
where E so = v F / so . From Fig. 2͑a͒ we can also conclude that the vector of the spin polarization is perpendicular to j. We note that the polarization is determined by the actual current density j = D Ř ͑ c tr ͒E linear in the electric field E, where
is the Drude conductivity tensor in the magnetic field B ϰ c and tr is the transport scattering time. Consequently, if the current density j is fixed, the polarization is independent of magnetic field. However, if the electric field E is fixed in the sample, then, according to Eqs. ͑1͒ and ͑2͒, the polarization decreases and changes its orientation as the magnetic field increases. When the magnetic field becomes strong enough and c q տ 1, the electron DOS oscillates as a function of energy, where q is the quantum scattering time. As we discussed above, if a finite current flows in 2DEG, the electron distribution is shifted in momentum space. Now, due to the oscillations of the DOS, see Fig. 2͑b͒ , the number of electrons and the number of holes may be different. In this case we can neglect the dependence of SO coupling on the magnitude of the excitations' momentum and estimate the spin polarization M as the difference in the DOS of electron and hole excitations, multiplied by the energy of SO splitting E so , we have M Ӎ ␦E so . If electron density of states oscillates with period c , we write ⌬ ϰ 0 v F ͉⌬p͉ / c and obtain
Comparing Eqs. ͑1͒ and ͑3͒, we conclude that the spin polarization due to the oscillations in the DOS contains the large factor E F / c ӷ 1, and therefore may be significantly larger than the polarization at zero magnetic field.
In the above discussion we assumed that electron temperature is zero. Temperature smearing of electron distribution function does not affect the result of Eq. ͑1͒, calculated for the constant DOS, but the estimate Eq. ͑3͒ for oscillating DOS would contain difference of the DOS of electron and hole excitations, averaged over the thermally smeared part of the distribution function. This difference is suppressed if temperature is higher than the period c of oscillations of the DOS. Thus, Eq. ͑3͒ represents the upper limit for the spin polarization in strong magnetic fields and the actual polarization may be smaller. In the rest of this paper we present the results of detailed analytical calculations of the spin polarization in weak and strong magnetic fields.
III. KINETIC EQUATION
We consider a 2DEG with linear in momentum SO coupling, placed in a perpendicular magnetic field, when the filling factor = E F / c ӷ 1. In this case we can use the quan-FIG. 2. ͑Color online͒ ͑a͒ In equilibrium, electrons occupy all states within Fermi surface-a solid circle centered at p = 0. When electric field is applied, electrons occupy all states within the dashed circle, centered at ⌬p ϰ j. States that become empty are called hole excitations and states that become occupied are called electron excitations. The numbers of electron and hole excitations are equal, and the spin polarization occurs only due to the difference in the SO coupling of electrons and holes; see Eq. ͑1͒. The latter is stronger for electrons, that have larger momentum, than for holes with smaller momentum. ͑b͒ In magnetic field, the DOS is modulated, as shown here by a contour plot. The numbers of electron and hole excitations are different and the spin polarization can be obtained even when the difference in SO coupling for electron and hole excitations is neglected.
tum kinetic theory 14 developed within the self-consistent Born approximation. 13 We assume that the correlation length of disorder is much longer than the Fermi wavelength F =2 / p F , and therefore the ratio of the transport scattering time tr to the quantum scattering time q is large, tr / q ϳ͑p F ͒ 2 ӷ 1. The kinetic equation has the form
where ͓Â ; B ͔ = Â B − B Â and
is the Hamiltonian of 2DEG in a quantum well with
Here p is the momentum operator and ⌳ characterizes the SO coupling and contains both the Rashba ͑the only term if x = y ͒ and crystalline anisotropy terms. The second term in Eq. ͑5͒ describes the effect of the in-plane electric field E, and the last term represents the Zeeman energy, g is the electron gyromagnetic factor, B = e / ͑2m e c͒ is the Bohr magneton, m e is the free-electron mass.
In smooth disorder, the collision integral in Eq. ͑4͒ can be represented in the following form, see Ref. 14:
Here ٌ P = P ϫ ‫ץ‬ P , ͕Â ; B ͖ = Â B + B Â , and 0 = m * / ͑2͒ is DOS per spin in zero magnetic field. We neglected the Zeeman term in Eq. ͑7͒. This approximation is justified in weak magnetic fields, when the Zeeman energy is small, as well as in strong magnetic fields, when the spin orientation is fixed by the Zeeman field and ٌ P can be replaced by ٌ p . Note that the collision integral is determined by the electron DOS ͑͒.
14 In a perpendicular magnetic field B, the momentum operators p ␣ ͑␣ = x , y͒ do not commute:
We represent the momentum operator p in the form
where i = ͑cos , sin ͒ and R c = v F / c is the cyclotron radius. To satisfy Eq. ͑8͒, the operators n and have to obey the following commutation relation
The integer eigenvalues of the operator n have the meaning of the Landau level indices.
In the representation ͑9͒ of momentum operators p, we have P 2 /2m * = c n + v F i ⌳ + Ĥ sc , where Ĥ sc = ␦p⌳ / m * describes the asymmetry of the SO coupling between electron and hole excitations, discussed in the previous section and illustrated in Fig. 2͑a͒ . Below we show that only the term Ĥ sc couples the spin and charge components of the electron distribution function in weak ͑nonquantizing͒ magnetic fields. We further simplify the kinetic equation by performing an auxiliary transformation Û ␦ = exp͕i H 2 ͑␦p⑀⌳ ͖͒ of P 2 /2m * , and keeping terms up to the second order in ␦p⑀⌳ . This transformation is an analogue of the unitary transformation of the Hamiltonian in zero magnetic field 19 and corresponds to a tiny rotation of the momentum and spin states on "angle" H 2 ͑␦p⑀⌳ ͒ϳ F / x,y Ӷ 1. Therefore, we neglect the transformation under Û ␦ of the electron distribution function, f; the spin operator, ; and the Zeeman energy term. This transformation is used only to simplify ٌ P in the collision integral and Ĥ sc , the latter in the new basis is
The spin-charge coupling, Ĥ sc , originates from the electronhole asymmetry of the Hamiltonian Eq. ͑5͒ ͑due to the difference in velocities of electrons and holes at distance ␦p from the Fermi surface͒. The factor 1 / ͑m * x y ͒ can be associated with the curvature of electron energy bands in momentum space ͑cf. Refs. 6 and 18, where the effect of the Berry curvature on motion in coordinate space is considered͒. The above derivation of Eq. ͑11͒ was based on the representation Eq. ͑9͒, defined at B 0; the same form Ĥ sc is valid at B =0. 20 For a spatially homogeneous and stationary in time system, to the lowest order in F / x,y , we obtain the following kinetic equation:
where function f͑ , ͒ describes the distribution of electrons with momentum p in the direction i . The second term i c ͓n ; f͔ = c ‫ץ‬ f in the left-hand side of Eq. ͑12͒ describes the Lorentz force acting on electrons in magnetic field B ϰ c . The fourth term i͓Ĥ sc ; f͔ with Ĥ sc given by Eq. ͑11͒ has a similar structure and can be associated with the Lorentz force, induced by the SO coupling. Below we solve Eq. ͑12͒ in the limits of weak ͑ c q Շ 1͒ and strong ͑ c q տ 1͒ magnetic fields.
IV. WEAK MAGNETIC FIELD
At c q Ӷ 1, the oscillatory component of the DOS ͑͒ is exponentially suppressed and ͑͒ =1 0 . We solve the kinetic equation Eq. ͑12͒ by consecutive iterations, limiting our consideration to the limit of weak SO coupling, x,y ӷ v F tr . We start with the Fermi distribution function f͑͒ =1 f F ͑͒,
To first order in the electric field E the distribution function contains an anisotropic component with respect to the momentum direction :
where D Ř ͑ c tr ͒ is the Drude conductivity matrix Eq. ͑2͒. The distribution function f ͑1͒ ͑ , ͒ has no spin components. The spin components in f appear only if the spincharge coupling term i͓Ĥ sc ; f͔ is taken into account in Eq. ͑12͒. Keeping i͓Ĥ sc ; f ͑1͒ ͑ , ͔͒ with Ĥ sc and f ͑1͒ ͑ , ͒ given by Eqs. ͑11͒ and ͑13͒, we obtain the solution of Eq. ͑12͒ after the second iteration in the form:
because ͐df ͑2͒ ͑ , ͒ = 0. Substituting f ͑2͒ ͑ , ͒ into the second term in the left-hand side ͑LHS͒ of Eq. ͑12͒, we look for a solution f ͑3͒ ͑ , ͒ = f ͑3͒ ͑͒ + ␣͑͒i z . Here f ͑3͒ ͑͒ = ͚ j=x,y f j j is an isotropic spin term, which determines the polarization of 2DEG. First, we express ␣͑͒i in terms of f ͑3͒ ͑͒, then, we insert ␣͑͒i into the second term in LHS of Eq. ͑12͒ and average the result over i . This procedure is equivalent to neglecting higher harmonics in i , small in the parameter v F tr / x,y Ӷ 1. We find
.
͑15͒
The vector g is the spin generation matrix g = iv F ͐ i ͓⌳ ; f ͑2͒ ͑ , ͔͒d /2, the matrix ͑Ǩ ͒ −1 is the spin relaxation matrix, and = g͑m / m e ͒͑ x y /4v F 2 tr 2 ͒ characterizes the strength of the Zeeman splitting.
The ratio of spin density M = 0 ͐ f ͑3͒ ͑͒d to the total electron density N e = p F 2 /2 of 2DEG is
where F =2 / p F is the Fermi wavelength, length scales x,y describe the strength of the SO coupling, Eq. ͑6͒, and matrices R and K are introduced in Eqs. ͑2͒ and ͑15͒. The direction of the spin polarization M is given by the vector m, which is related to the direction of the electric field e = E / ͉E͉ through the tensor Ǩ Ľ ⑀Ř 2 . For the Rashba coupling, so = x,y , Eq. ͑16͒ coincides with the result of Refs. 4 and 7 at B = 0, obtained for point-like scatters, if the full scattering time is replaced by tr . We can reduce Eq. ͑16͒ in case ϰ g = 0 and so = x,y to M / N e = ͑E so / E F ͒͑⑀j / j F ͒, where j = D Ř ͑ c tr ͒E is the electric current density, E so = v F / so is the SO energy splitting, and j F = ev F N e ͑the current density if all electrons were moving with velocity v F ͒. In typical 2DEG, E so Ӷ E F and ͉j͉ Ӷ j F , thus the polarization is small: ͉M͉ / N e Ӷ 1. Note that for fixed j, m is independent of B. Finite g factor and anisotropy of SO coupling ͑ x y ͒ do not significantly change the value of ͉M͉ / N e , but result in more complicated behavior of m as a function of B. For fixed E, we show dependence of ͉m͉ on B ϰ c in Fig. 1 and the parametric plot of m͑B͒ in ͑m x , m y ͒ plane in Fig. 3 .
V. STRONG MAGNETIC FIELD
As the magnetic field increases, the polarization Eq. ͑16͒ decreases. However, if c q տ 1, DOS becomes an oscillating function of energy shifted in opposite directions for different spin states. The magnitude of the shift is equal to either the Zeeman energy ⌬ g , Eq. ͑5͒, or the SO energy ⌬ ; see Eq. ͑20͒ below.
We first discuss the case of strong magnetic fields B տ B * , when ⌬ g ӷ⌬ , B * = ͑c / e͒ ͱ m e / gm * / x,y F and the splitting of the spin states is dominated by the Zeeman effect. In strong magnetic fields we can neglect the effect of the SO coupling on the electron DOS. In this case we can obtain the DOS for the two spin projections z / 2 on magnetic field independently from each other following the derivation in Ref. 14 
where the spectral coefficients g l = L l−1 1 ͑2l / c q ͒ / l are expressed in terms of the Laguerre polynomials L n m ͑x͒, and ␦ = exp͑− / c q ͒.
The electric field E generates an anisotropic component of the electron distribution function:
ϫ͑ , ͒. Calculations of f ͑1͒ ͑ , ͒ are similar to those that lead to Eq. ͑13͒. Now, in addition to the charge contribution f c ͑1͒ ͑ , ͒, the distribution function contains the spin component f s ͑1͒ ͑ , ͒:
where K l = sin͑2l⌬ g / c ͒. Due to the oscillations of the DOS we already generated a spin component f s ͑1͒ ͑ , ͒ after the first iteration of Eq. ͑12͒. In weak magnetic fields, this spin component is exponentially small, and to obtain spin polarization, we have to take into account finite curvature of the electron spectrum on the scale of energy band E F , described by the term Ĥ sc , see Eq. ͑11͒. If c տ 1/ q , the particle-hole asymmetry appears on energy scale c and we find the spin components in f without taking into account Ĥ sc : the component f s ͑1͒ ͑ , ͒ is already similar in its properties to f ͑2͒ ϫ͑ , ͒. To calculate the polarization we just follow the procedure described below Eq. ͑14͒ using f s ͑1͒ ͑ , ͒ instead of f ͑2͒ ͑ , ͒. Since c q տ 1, we take c tr = x ӷ 1 in Eq. ͑15͒ for Ǩ ͑x͒. Substituting f ͑3͒ ͑ , ͒ to the expression for the polar-
the amplitudes l are given by
= E F / c and ⌬ g / c = gm * /2m e . We notice that M oscillates as a function of and is exponentially suppressed if c Շ T or c Շ 1/ q . Thus the conditions for observation of the oscillating component of the polarization are similar to those for observation of the Shubnikov-de Haas oscillations in the conductivity; cf. Eq. ͑19͒ to Eq. ͑4.18͒ in Ref. 14.
Next, we consider the range of magnetic fields, B Շ B * , when the spin component in the DOS is created due to the SO splitting of electron states with opposite helicity. Taking into account the SO coupling in the original basis, where ͑͒ = ͑ , ͒ is nondiagonal in spin space and depends on the momentum direction i is cumbersome. The calculations become easier in the rotated basis defined for R c / x,y Ӷ 1 by the matrix Û 0 = exp͕iR c ͑i ⑀⌳ ͖͒ ͑for R = x,y this rotation can be used for arbitrary R c / R ͒. In the rotated basis, the spectral function ͑͒ is isotropic and is given by Eq. ͑17͒ with ⌬ g replaced by ⌬ :
The kinetic equation Eq. ͑12͒ for the rotated electron distribution function F = Û 0 † fÛ 0 is also modified:
where the collision integral has the form
For simplicity, we consider the limit c q Շ 1, and keep terms linear in ␦ ͓if there is a window in c where c q տ 1 and ⌬ ӷ⌬ g , exact DOS has to be used, cf. Eq. ͑19͔͒. Then, the contribution to the distribution function due to electric field E is given by with ͑͒ =1 0 ͓oscillating components in ͑͒ produce extra factor ␦ Ӷ 1͔, we obtain an isotropic in i spin component of the electron distribution function. To the lowest order in R c / x,y and ͑ c tr ͒ −2 , the polarization is
͑23͒
Both Zeeman and SO splitting of DOS result in qualitatively similar expressions for the oscillatory polarization; cf. Eqs. ͑19͒ and ͑23͒. Depending on the relation between ⌬ g and ⌬ , either Eq. ͑19͒ or ͑23͒ is applicable.
VI. DISCUSSIONS AND CONCLUSIONS
First, we notice that the kinetic equation approach developed here can be further generalized to describe nonstationary in time systems. For illustration, we consider the homogeneous spin relaxation in 2DEG placed in a perpendicular magnetic field, recently studied both theoretically 21 and experimentally. 17 For the in-plane spin polarization f ʈ = f x x + f y y in nonquantizing magnetic field c q Ӷ 1 we have
where K −1 is the inverse matrix of K defined by Eq. ͑15͒. The off-diagonal elements of K −1 describe spin precession due to the Zeeman field and the SO coupling. In strong magnetic fields B ӷ B * , only the Zeeman component survives, however, in weaker fields, B Ӷ B * , the dominant contribution to the precession rate originates from SO coupling. For the polarization f Ќ = f z z perpendicular to 2DEG we find ‫ץ‬f z ‫ץ‬t = − 2v F 2 tr 1 + c 2 tr
The structure of Eqs. ͑24͒ and ͑25͒ is consistent with the result of Ref. 21 , obtained for short range disorder, when the quantum scattering time q and the transport scattering tr are equal. For long range disorder the spin relaxation is governed by the transport scattering time. Thus, scattering processes with large change of electron momentum are responsible for spin relaxation.
In this paper we demonstrated that in sufficiently strong magnetic fields, c ӷ ͕T ,1/ q ͖, the factors l and Y͑x͒ in Eq. ͑19͒ become of order of unity. Then, the ratio of the amplitude of the oscillatory polarization M , Eq. ͑19͒, to the polarization M at B = 0, Eq. ͑16͒, is characterized by The large factor E F / c ӷ 1 is related to the enhancement of the electron-hole asymmetry by magnetic field on energy scale c . The factor ͑ c tr ͒ −2 describes the suppression of the diffusion coefficient by magnetic field.
One can expect that the magnitude of the polarization, which is linear in the applied electric field, can be increased significantly by applying stronger electric field. However, in experiments the magnitude of the electric field E is limited by the heat dissipation D E T R ͑ c tr ͒E ϰ ͑ c tr ͒ −2 in the sample. Because this heat power is also suppressed at c tr ӷ 1, one can apply stronger electric field E to partially compensate the factor ͑ c tr ͒ −2 in Eq. ͑26͒. Thus, the amplitude of the oscillatory polarization, achievable in experiments, could exceed the polarization in zero magnetic field even by larger factor E F q 2 / tr than the estimate Eq. ͑26͒. We discussed the behavior of the current-induced spin polarization of 2DEG. This phenomenon is only one of the examples of the magnetoelectric effect, originating in materials with spin-orbit coupling. Other magnetoelectric effects, such as the photocurrent induced by optical orientation of electrons, 5 can be enhanced by a quantizing magnetic field as well.
